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Abst rac t - -A  realization of the creation and annihilation operators for the pseudoharmonic oscil- 
lator is presented. It is shown that these operators atisfy the commutation relations of an SU(1,1) 
group. Closed analytical expressions are obtained for the matrix elements of different functions r2 
and r ~r" (~) 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
During the past half century, the factorization method has played a very important role in 
many fields [1,2]. With this method, we can construct he ladder operators for some certain 
potentials and then constitute a suitable algebra. Recently, we have carried out the Morse and 
modified P5schl-Teller potentials [3,4] with this method. We should stress that our approach 
is very different from the traditional one, where an auxiliary nonphysical variable has to be 
introduced [5,6], namely, we can construct he corresponding ladder operators only in terms of 
the physical variable. Simultaneously, the matrix elements of some related functions can be 
analytically obtained from the ladder operators. With the same spirit as our previous work, 
we will study the dynamic group structure of the pseudoharmonic (PH) oscillator, which is the 
purpose of this letter. Although this potential has been studied briefly in [7, p. 8] and [8-11], 
the study of its dynamic group with our approach is missing to our knowledge. 
This letter is organized as follows. In Section 2, we will study the properties of this potentia]. 
Section 3 is devoted to the construction of the ladder operators directly from its eigenfunctions 
with the factorization method. The matrix elements of the different functions r2 and r d are 
also obtained from these operators. The conclusions will be given in Section 4. 
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2. THE PSEUDOHARMONIC POTENTIAL  
Generally, this potential can be taken as in [7], 
vp.  (r) = ~r0  , (1) 
where a is the force constant and the r0 equilibrium bond length. For simplicity, the natural 
units h = # = a = w = 1 are employed throughout this paper if not explicitly stated otherwise, 
where # is the reduced mass and w the frequency. Consider the SchrSdinger equation with a 
potential V(r) that depends only on the distance r from the origin 
HkOnem (O, ~,r) = ( -1V2 + VpH(r)) ffYnem (O, ~,r) = E@nem (O, ~,r) . (2) 
Let 
,I,.,~.. (,-, o, : )  = ,--~R~ (,-) Y~., (0, : ) ,  (3) 
where Y~m(O, ~) is the normalized spherical harmonic. Substitution of equation (3) into equa- 
tion (2) enables us to obtain the following radial Schr6dinger equation: 
d2Ren(r)[  g(~+ 1)] e ( r )0 ,  (4) 
2 dr -------'--~ + E - VpH (r) -- 2r 2 R n = 
where E denotes the energy. If we consider the contribute of effective potential is from the 
combination of the centrifugal potential with the pseudoharmonic one, we then have 
( r ~)2 ~ (t + 1____)) 
= -~ "°~ 70 + m-~ ' (5) 
which can be arranged to 
Ve l r~  (r- ~ ?)  21  = + ~ ( ,~ - ro~), (6) 
where 
with 
r/~_--. V/2(j~2-- 1) 1/4 
(7) 
The solution of the radial SchrSdinger equation (4) with the effective potential (6) can be ana- 
lytically obtained as in [8] 
=N: 3 l~+112~-r214]',13(T--~-~) 
with 
Nn~ = 28 (n + 8)!" (9) 
The corresponding eigenvalue can be taken as 
i a ,'~ 
E = n + ~ + ~ - -~-. (10) 
Realization of Dynamic Group 201 
We now consider the eigenvalue E under the limit of r0. When r0 is very large, the eigenvalue E 
becomes 
I e (l + I) 1 
E~-n+~+ 2r - -T  + 8r2, (11) 
which corresponds to the energy levels of the harmonic oscillator and rigid rotator except for a 
small constant 1/8r 2. However, for the small r0, the corresponding eigenvalue E can be taken as 
3 
E ~- n + -~ + -~, (12) 
which is in proportion to the energy levels of the isotropic 3D harmonic oscillator with principle 
quantum number 2n + ~ and force constant 1/4. 
3. THE CONSTRUCTION OF  THE LADDER OPERATORS 
We now address the problem of finding the creation and annihilation operators for the pseudo- 
harmonic wave function (8) with the factorization method. As shown in our previous work [3,4], 
the ladder operators can be constructed directly from the wave function without introducing any 
auxiliary variable, namely, we intend to find differential operators/~± with the property 
~±/~,~(r) l -~ ~±Rn:t=i(r ). (13) 
Specifically, we seek operators of the form 
d 
£+ = As (r) ~rr + B± (r), (14) 
where we stress that these operators only depend on the physical variable r. 
To this end, we start by establishing the action of the differential operator d on the wave 
function (8) 
d r t 13+ 1/2 +N~r~+l/2e_r=/4 (~)  R~n(r) = - -~n n (r) + r R~(r) d n • (15) 
One possible relation for the derivative of the associated Laguerre functions is given in [12, p. 1062] 
dL~ x dx n (x) = nL~ (x) - (n + a) L~_ i (x). (16) 
Substitution of this expression into (15) enables us to obtain the following relation: 
( d f l+1/2  r 2n)  
+--  R r 2 r y~_l  n_l (r). (17) 
Making use of equation (9), we can define the following operator: 
~_=~-r~r  r -  r2+ 2n+j3+ , 
with the following effect on the wave function 
Z_R  (r) = e-R _l (r), 
where 
(18) 
(19) 
(20) 
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As we can see, this operator annihilates the ground state R~(r), as expected from a step-down 
operator. 
We now proceed to find the corresponding creation operator. Before proceeding to do so, we 
should make use of another relation between the associated Laguerre functions [12, p. 1062] 
x ~xL~ (x) = (n + 1) Lna+l (x) - (n + a + 1 - x) L~ (x). (21) 
Substitution of this expression into equation (15) allows us to obtain 
[d  /3+1/2 + r 2 (  ~) ]  2 (n+ 1) Nn ~ 
- -  - R.+~ (r) (22) dr r -~+- n+/3+ 1 R~n (r) = - r r y~+l 
Using equation (9) again, we can define the following operator: 
/~+=~1[ dr~r_21_r2+(2n+/3+3) ] ,  (23) 
satisfying the equation 
with 
L+R. (~) = g+R~.+l (~), 
g+=v/ (n+l ) ( i3+n+l ) .  
We now study the algebra associated with the operators £+ and L~_. 
and (24), we can calculate the commutator [£_, £+]: 
where we have introduced the eigenvalue 
We can thus define the operator 
(24) 
(25) 
From equations (19) 
(26) 
(27) 
The operators £+ and/~0 thus satisfy the commutation relations 
which corresponds to the SU(1,1) group for the pseudoharmonic potential. The Casimir operator 
can be expressed as 
with 
j=  /3+1 
2 (31) 
Finally, we should notice that the Hamiltonian acquires the simple form 
= £o ~.  (32)  
4 
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The following expressions can be readily obtained from the operators ~-+,0: 
+L)] 
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(33) 
and 
d (~+_~_) 1 , '~= -~. (34) 
The matrix elements of these two functions can be analytically obtained from equations (19) 
and (24) as 
<m Ir2l n> = 2 [(2n + 13 + 1)Sm,n - x/(n+ 1) (n + 13 + 1)Sin,n+1 - ~/n(n+13)Sm,n-1] (35) 
m n = x/(n + 1) (n + 13 + 1)(fro,n+1 - ~ 13)am,n-1 - -~(Sm,n. (36) 
4. CONCLUSIONS 
In this letter, we have studied the properties of the pseudoharmonic potential and established 
the creation and annihilation operators directly from eigenfunction (8) with the factorization 
method. We have derived a realization of dynamic group only in terms of the physical variable r, 
without introducing any auxiliary variable. It is shown that these ladder operators atisfy the 
SU(1,1) dynamic group. The matrix elements of the different functions r2 and r d are also 
analytically obtained from the ladder operators. This method can be generalized to other wave 
functions and represents a simple and elegant approach to obtain these matrix elements. 
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